In the first part of this paper, we give a global description of simply connected maximal Lorentzian surfaces whose group of isometries is of dimension 1 (i.e. with a complete Killing field), in terms of a 1-dimensional generally non-Hausdorff manifold (the space of Killing orbits) and a smooth function defined there. In the second part, we study the completeness of such surfaces and prove in particular that under the hypothesis of bounded curvature, completeness is equivalent to null completeness. We also give completeness criterions involving the topological structure of the space of Killing orbits. arXiv:2001.03149v1 [math.DG] 9 Jan 2020 Proposition 1.2. There is a bijection between simply connected and maximal Lorentzian surfaces (X, K) admitting a non-trivial complete Killing field K (up to isometry), and the quadruplets (E, A, x, f ), up to equivalence (see Proposition 3.18 for more details), where 1. E is a 1-dimensional manifold E with a countable base, and topology T, 2. A is a linking structure A on E, 3. x : E → R is a function defined up to translation and change of sign, which is a local diffeomorphism, defining on E a translation structure, 4. f is an inextensible function f ∈ C ∞ (E, R) such that the set {f = 0} is composed of (a) the branch points of E, with simple zeros on 4-order branchings and multiple zeros on finite or infinite branchings.
Introduction
The local geometry of Lorentzian surfaces with a Killing field is well known; the metric is locally given by 2dxdy + f (x)dy 2 , where f is a y-independent scalar function, so the metric is locally determined by the norm of the Killing field. The globalization of this picture cannot be done in general; the obstruction to globalizing this picture is the possible presence of Reeb components in the foliation defined by the Killing field or the orthogonal foliation, which amounts to saying that none of the two null foliations is globally transverse to the Killing field (this has been studied in [2] ).
In the first part of this paper, we will see that the global structure of a Lorentzian surface (X, K) with a Killing field K can be analysed in terms of the space E X of Killing orbits. We want to give a description of these surfaces using the two following data:
• the space E X of Killing orbits, which gives a 1-dimentional (generally non Hausdorff) Riemannian manifold, equipped with some combinatorial data that we call "a linking structure" (see Definition 3.14) ,
• a smooth function defined on it, given by the function induced by the norm of K on E X .
A first problem is that E X can lack even the fundemental properties of a manifold; for example, consider a flat 2-dimentional torus, and take as Killing field any constant vector field with irrational slope, then the lines of the Killing field are dense in T 2 and the space of leaves has the trivial topology. Nothing like this occurs in R 2 , where the leaves can be neither closed curves nor dense. To prevent this kind of behaviour of the Killing orbits, we assume that X is simply connected, hence homeomorphic to R 2 . In this case, if K is supposed to be non singular, then E X is a 1dimensional simply connected manifold with a countable base (usually non-Hausdorff): Haefliger-Reeb [10] .
The simple-connectivity is not the end of the problem however. Indeed, in general, the two data given above do not determine the global structure of the surface. Given a simply connected Lorentzian surface (X, K), the presence of a Killing field leads to the existence of local reflections defined in the interior of the connected components of the set X −{ K, K = 0}; these reflections are isometries permuting the null foliations and they are called "generic reflections" (see Proposition 2.5 [2] ) . Consider a non-flat torus (T, K) admitting a Killing field K; the space of leaves is a circle, and the norm of K on the universal cover induces a periodic function f ∈ C ∞ (R, R). Now, given a periodic function f , one can associate to it infinitely many metrics on the torus with non-isometric universal cover (see [2] for details, or [12] Section 1 for a quick introduction). Indeed, one can simply define a surface 2dxdy + f (x)dy 2 , (x, y) ∈ R 2 which is the universal cover of a torus; such a surface in which one of the two null foliations is everywhere transverse to K = ∂ y is called "a ribbon" in [2] . However on can also define a periodic sequence of surfaces 2dxdy + f i (x)dy 2 , (x, y) ∈ U i := I i × R, i ∈ S, where f i := f |I i , such that I i ∩ I i+1 is a connected component of R − {f = 0}, and glue U i and U i+1 using a generic reflection. If S is in one-to-one correspondence with the set π 0 (R − {f = 0}) for instance, this gives the universal cover of a torus in which the foliation of the Killing field contains only Reeb components. Proposition 1.1 (Bavard-Mounoud, [2] ). The isometry class of the universal cover of a non-flat torus with a Killing field admitting a null orbit is determined by a non constant periodic function f ∈ C ∞ (R, R), that vanishes, together with a countable set of periodic marking points on R.
The problem above is avoided by supposing that the surface is maximal, i.e. cannot be extended. Let (X, K) be a simply connected surface with a Killing field K; the Killing field defines a singular foliation of the plane whose singularities are saddle points. The space of leaves of such a foliation is no longer a simply connected manifold, but it gives rise to a nice Riemannian manifold E X of dimension 1 such that there exists a local diffeomorphism x ∈ C ∞ (E X , R). In the first paragraph of this paper, we examine the topology of this manifold; a topology satisfying these constraints will be referred to as the T topology (see Definition 3.12) . We will see in particular that some geometric properties of the surface have direct consequences on the topology of the space of Killing orbits. We prove the following
ON THE COMPLETENESS OF LORENTZIAN SURFACES WITH A KILLING FIELD
Compact case: Hopf-Rinow vs Clifton-Pohl. Hopf-Rinow's theorem states that a Riemannian metric is geodesically complete if and only if the canonically associated distance is complete; in particular any compact Riemannian manifold is complete; the same holds for any Riemannian manifold that is globally homogeneous. The are no analogous conclusions in the Lorentzian case, and it is well known that a compact Lorentzian manifold may be geodesically incomplete. More generally (see [4, Lemma p.22 ]), if a Lorentzian torus is null complete, then its null foliations contain no Reeb components. In particular, the Clifton-Pohl torus is null incomplete (see figure  below) , and all the complete metrics belong to the same connected component of the space of Lorentzian metrics, the one containing the flat metrics. In [13] and [14] , Romero and Sanchez give different examples and different ways to obtain incomplete Lorentzian metrics on the torus T 2 . At the same time, Guediri and Lafontaine obtained in [9] examples of incomplete compact and locally homogeneous Lorentzian manifolds. The lack of completeness in the compact case gave rise to the obtention of additional conditions which, joint to compactness, would imply completeness of the Lorentzian manifold. Thus, the question of geodesic completeness in the pseudo-Riemannian setting is often viewed from the point of view of (G, X)structures: under what assumptions are the (G, X)compact manifolds (where G preserves a pseudo-riemannian metric) geodesically complete ? When G preserves a Riemannian metric, all (G, X)compact manifolds are complete, by the Riemannian Hopf-Rinow theorem. Carrière shows in [3] that any flat Lorentzian metric on T 2 is complete; these surfaces are locally modeled on Minkowski plan. Sanchez shows in [15] that a 2-dimensional torus admitting a Killing field with a null orbit is never complete. This becomes clear if one remembers that the universal cover of such a torus is a proper open subset of its universal extension, a result by Bavard and Mounoud [2] . These models are proved to be complete in [12] . In this paper, we study more generally the completeness of simply connected Lorentzian surfaces admitting a Killing field.
In their paper [13] , Romero and Sanchez conjecture that the null completeness of a compact Lorentzian manifold implies completeness; which is proved to be true for locally homogeneous manifolds [11] . If we consider tori with one of the two null foliations by circles, then this is "generically true" [5] , but there are arguments to think that maybe a counterexample can be found. We obtain the following result: Using the correspondance in Proposition 1.2, giving a Lorentzian surface admitting a Killing field with bounded curvature is equivalent to giving 1. an orientable Riemannian manifold E of dimension 1 with topology T, satisfying a certain property of "weak " geodesic completeness, together with a linking structure on it, 2. a smooth real function defined on E, with bounded second derivative.
We also give completeness criterions involving the topological structure of the space of Killing orbits, which gives a large class of surfaces where geodesic completeness is characterized. This paper is organized as follows: in paragraph 2 we introduce the fundamental tools and notions from [2] dealing with the geometry of compact Lorentzian surfaces with a Killing field, and set up the necessary vocabulary to reading this paper. In paragraph 3, we obtain a description of simply connected Lorentzian surfaces admitting a Killing field using the space of Killing orbits. We distinguish the analytic case i.e. the case of the universal extensions, and the general case which includes in particular maximal surfaces and null complete surfaces. Paragraph 4 deals with geodesic completeness of these surfaces.
Structure of Lorentzian surfaces admitting a Killing field
All the facts we will be compiling in this section, dealing with the geometry of Lorentzian surfaces with a Killing field, have been investigated in [2] . Let (X, K) be a Lorentzian surface with a Killing field K, which we assume to be complete. Definition 2.1 (ribbons, bands and dominoes). Let U be a subset of X saturated by K. Suppose K never vanishes on U ; we say that (U, K) is (1) a ribbon if U is open, simply connected and if one of the null foliations in U is everywhere transverse to K.
(2) a band if U is homeomorphic to [0, 1] × R, with K, K vanishing on the boundary and not vanishing in the interior of U .
(3) a domino if U is open, simply connected, and K has a unique null orbit in U .
The connected components of X − { K, K = 0} are bands (in fact, interior of bands). We have the following definition, resulting from Lemma 2.8 of [2]: Definition 2.2. A Lorentzian band (B, K) is said to be: (1) of type I: if the foliations defined by K and K ⊥ are both suspensions.
(2) of type II: if the foliation of K is a suspension and that of K ⊥ is a Reeb component.
(3) of type III: if the foliation of K is a Reeb component and that of K ⊥ is a suspension.
In the following figures, the foliation of K is represented in black, and the orthogonal foliation in red.
Type I band
Type II band Type III band Figure 2 : A type I, type II and type III band The existence of local reflections. The presence of a Killing field leads to the existence of local reflections. The reflection fixing a nondegenerate geodesic perpendicular to K is an isometry, but unlike the Riemannian case, it is only defined locally when the norm of K vanishes (see the figure above). We write this in the following:
An atlas for (X, K). If U denotes a ribbon in X and p ∈ U , we can choose a null-geodesic γ passing through p, maximal in U and transverse to K. On the saturation of the geodesic by the flow of K, which is equal to U by connexity, the metric writes
where L = ∂ x is a null vector field parametrized such that L, K = 1, and K = ∂ y . The coordinate denoted by x, which is well defined up to translation and change of sign, will be called the "transverse coordinate", or simply the x-coordinate. Thus, the norm of K is given by f in the x-coordinate; it vanishes on the null orbits of K contained in U and transverse to L. When K, K (p) = 0, there exists another null-geodesic transverse to K and passing through p, giving rise to another formula for the metric on an open set U of X. On the intersection U ∩ U , the norm of K doesn't vanish: we have by Proposition 2.5 of [2] the existence of a generic reflection, i.e. a local isometry fixing a non-degenerate geodesic perpendicular to K and sending K to −K, and thus permuting the null foliations. The transition map is given on U ∩ U by composing (x, y) → (−x, −y) with the generic reflection φ given by φ(x, y) = (−x, 2G(x) − y), where G is a primitive function of −1/f . So there is an atlas of X with the zeros of K removed such that on each open set the metric reads 2dxdy + f (x)dy 2 , with K = ±∂ y , and transition maps are given by generic reflections.
Riemannian structure on the space of Killing orbits. Let (X, K) be a simply connected Lorentzian surface with Killing field K. Define locally in each ribbon ν = dy ∧ dx; it is easily seen that ν is a well defined volume form on X. This gives rise to a submersion x : X → R defined (up to translation) by i K ν = dx, inducing a local diffeomorphism between the space of leaves of K and R, thus making it into a manifold of dimension 1 (see [2, Proposition 2.21] ), on which we can define a Riemannian structure by taking the metric dx 2 . The submersion x coincides, up to translation and change of sign, with the x-coordinate of any local chart. When X is the universal cover of a non-flat torus, the diffeomorphism between the space of Killing orbits and R is a global diffeomorphism, making this space into a Hausdorff manifold of dimension 1.
3 Complete simply connected Lorentzian surfaces with a Killing field
The space of leaves
Let (X, K) be a simply connected Lorentzian surface admitting a non-trivial Killing field K.
Denote by E X the space of leaves of the foliation defined by the Killing field. The transverse coordinate x ∈ C ∞ (X, R) induces a local diffeomorphism 1 of E X on R, making it into a manifold E X of dimension 1, generally non-Haussdorf, on which we can define a Riemannian structure by taking the metric σ = dx 2 . In this paragraph, we examine the topology and the geometry of this manifold:
• What are the possible branch points in E X ? Do they satisfy some combinatorial property (existence of global constraints on the set of branch points)?
• Completeness of E X (regarded as a Riemannian manifold) ?
In the elementary case, i.e. when the norm of K does not vanish, the space of leaves is homeomorphic to the real line; indeed, since X is homeomorphic to the plane, null cones determine two one dimensional foliations all of whose leaves are homeomorphic to the line, and which are moreover everywhere transverse to K since the norm of the Killing field does not vanish. The space of leaves can then be parameterized by a maximal null geodesic. $em In the following, X is assumed to be non-elementary. We will see that some geometric properties of the surface have consequences on the topology of the space of Killing orbits; we distinguish in particular the following cases:
2. X null complete;
3. X analytic and maximal.
Recall that a null complete surface admitting a Killing field is maximal and has no saddle at infinity (i.e. any null orbit of K is contained in a complete null geodesic, see [2, Definition 3.2]). A point p on E X is said to be a "branch point" if there is a point q = p such that p and q cannot be separated by disjoint neighborhoods in E X . Denote by B the set of branch points, and Σ the set of connected components of the interior of E X \ B. Definition 3.1. A branch point p of E X is said to be a "simple branch point" if the set V p of points q = p such that p and q cannot be separated, satisfies one of the two following properties: -V p contains only one point; -V p contains exactly two distinct points that can be separated.
Definition 3.2. 1) A simple branching is a pair of simple branch points
2) A branching of order n ∈ N ≥3 is a cycle of order n of simple branchings. We also define a "branching of infinite order", for which the simple branch points (in infinite number) are indexed by Z instead of Z/nZ, and a "finite branching", for which these points are indexed by a finite subset of N.
The possible branch points in the space of leaves are described in [2, Paragraph 4.1] . First, we give an exposition of what is known in [2] about this manifold, before we can fully describe its topology. The branch points of E X correspond precisely to the null orbits of K bordering the squares of X; in other words, to the boundaries of the connected components of { K, K = 0} in X. When X is a maximal surface, the space of leaves is composed by • intervals I i , i ∈ I, such that { K, K = 0} = i∈I I i and
The space of leaves of a square or
The space of leaves of a type III band near infinity Figure 6 : The space of leaves of a type III band (on the left) and a square (on the right)
The space of leaves of the closure of a component of K, K = 0 or
The space of leaves of a null-component near infinity This is equivalent to saying that when X is maximal, and if U is a connected component of X − { K, K = 0}, then the closure of U in X minus the zeros of K is either a Lorentzian square or a type III band; this is proved in [2, Proposition 2.20 ]. Note that if X is not maximal, an interval of E X − B whose closure in E X is a Hausdorff segment with boundary, is the space of leaves of a type I band or a type II band, half a band, or a component of the closed set F := { K, K = 0}. These segments can accumulate. Finally, one can also find in the closed set F := { K, K = 0} separated points which appear as limit points of simple branchings.
A null orbit of K isolated in F is the border between two adjacent squares. Denote by f the function induced by the norm of K in the ribbon containing this orbit. The following figure shows how the segments corresponding to squares are connected to each other in the space of leaves, depending on whether f changes sign or not. Figure 7 are the same. The only consideration of the space of leaves is therefore not sufficient to characterize the foliation. For example, to a manifold with 3 simple branch points, one can associate two conjugation classes of non-oriented foliations (see [7] ; in this paper, Godbillon gives a topological classification of foliations of the plane whose space of leaves have a finite number of branch points). Figure 9 : Two classes of foliations associated to a manifold with 3 simple branch points
Given an oriented manifold of dimension 1 étalé in R, we distinguish in the following definition two types of non-separation for the branch points.
. Let p and q be two non-separated points of E. We say that p and are not rightseparated (resp. left-separated) and we write p R r q (resp. p R g q) if, given two neighborhoods V p and V q of p and q respectively, x(V p ∩ V q ) is on the right (resp. on the left) of x 0 .
It is not difficult to see that R r and R l are equivalence relations. If p is a non-separated point of E, denote by [p] r (resp. [p] l ) the equivalence class of p for the relation R r (resp. R l ). When E = E X for a certain simply connected Lorentzian surface (X, K), the non-separated points of E X are simple branch points; therefore, these equivalence classes have cardinality 1 or 2.
then the corresponding null orbit of K is isolated in the closed set F := { K, K = 0}, for it borders two bands in X; the converse is true if X is assumed to be maximal (see the proof of Proposition 3.6).
Recall that a branching of infinite order is defined as a countable infinite cycle of simple branch points (see the comment which follows definitions 3.1 and 3.2) . We say that a branching of infinite order is bounded on the right (resp. on the left) if it contains a branch point p such that #[p] r = 1 (resp. #[p] l = 1); this point is then called "right-boundary" (resp. "left-boundary") of the branching. A chain of branch points that is bounded on both sides is a finite branching.
If p is the boundary in E X of a finite, or infinite branching bounded on one side, i.e. #[p] d = 1 or #[p] g = 1, then it will appear in the proof of the Proposition 3.6 (see also the Remark 3.5 above) that the corresponding null orbit l p in X is not isolated in the closed set { K, K = 0}. If the norm of K is identically zero on the left (resp. on the right) of p (here "left" and "right" refer to an orientation on the space of leaves), then l p is the left-boundary (resp. right-boundary) of a subset of X foliated by null orbits of K; consequently, p is the left-boundary (resp. right-boundary) of a component of Σ whose closure is a Hausdorff subset of
and if the norm of K is not identically zero on the right (resp. on the left) of p, then in the ribbon containing l p there are bands which accumulate on l p , so that p is not isolated in the subset of B of points that can be separated from p. This leads us to define the following property (P):
(P): if p is the boundary in E of a finite branching, or infinite branching bounded on one side, then either p is not isolated in the subset of B of points that can be separated from p, or p is the boundary of a component of Σ whose closure is a Hausdorff subset of E. Proposition 3.6. Let (X, K) be a simply connected non-elementary Lorentzian surface with a non-trivial Killing field K. Then E X is a (connected) étalé manifold of dimension 1 with a countable base (usually non-Hausdorff), whose non-separated points are simple branch points, connected at their ends as in Figures 7 and 8. And 1. if X is a maximal with no zero of K, then E X is simply connected and satisfies the property (P). Moreover, on a finite or infinite fixed branching, the corresponding null orbits of the Killing field are all of the same nature (complete or not).
2. if X is null complete, then E X satisfies the property (P), and all finite cycles of simple branch points have order 4.
Proof. 1) Suppose X is maximal with no zero of the Killing field, then K induces a non singular foliation of the plane, and simple connectivity of the space of leaves results from Proposition 1 p. 121, [10] . To show the second part of 1), consider U a Lorentzian domino contained in X and 3). To conclude, note that E X cannot contain a branching of finite order since it is simply connected; these operations then necessarily give a finite or infinite branching, which satisfies the property (P).
2) Suppose now that X is null complete, and consider a Lorentzian domino U contained in X. We have two different situations:
• If the null orbit of K is semi-complete, the only way to complete it is to add a saddle point, see [2] . Therefore, U is contained in a saddle of X, and in a neighborhood of this zero of K, E X is a 4 order branching.
• If the null orbit of K is complete, we show that X contains an extension of this domino of the form obtained in 1). If we prove that E X does not contain a branching of finite order outside a saddle, then this construction necessarily gives a finite or infinite branching satisfying the property (P) (recall that a null complete surface is maximal). To do this, note that a finite order branching in E X defines a cycle of ribbons in X. Now, since X is simply connected, every cycle of ribbons, according to [2, Lemma 3.13], consists of 4 ribbons around a saddle point. This completes the proof. We can define the following binary relation on E X : for p, q ∈ E X , pRq if and only if p and q cannot be separated. Obviously, R is not an equivalence relation for it is not transitive; we then define R as the equivalence relation generated by R.
Definition 3.7. We call "the separated graph of E X ", and we denote it by G(E X ), the graph obtained as the quotient space of E X by the equivalence relation R. In other words, G(E X ) := E X / R. Proposition 3.8. Let (X, K) be a simply connected Lorentzian surface with a non-trivial Killing field K. Then G(E X ) is a tree that could admit vertices of infinite valence, as well as infinite branches.
Proof. We know that the only cycles in E X are the branchings of order 4, (this is a consequence of [2, Lemma 3.13]). The definition of G(E X ) implies that the resulting graph is a tree.
induced by the norm of K vanishes at all the branch points of E X , and satisfies the following property: if f is of rank 1 (resp. of rank 0) at a point p of E X , then it is also of rank 1 (resp. of rank 0) at every point q such that p and q cannot be separated.
Remark 3.10. In [10] p. 115, the authors define a differential structure on the simple branching so that any C ∞ function defined on it is of rank 0 at the origin. They also give examples of manifolds of dimension 1 admitting a differentiable structure of class C ∞ such that all the differentiable functions on these manifolds are reduced to constants. This pathological property is discarded in the case of E X manifolds for there is a function x : E X → R which is a local diffeomorphism, thus of rank 1 everywhere. In particular, if h ∈ C ∞ (E X , R) there is no constraint on the zeros of h except the one given in Remark 3.9.
Distinguished geodesics of the space of leaves
Recall that E X is a smooth manifold étalé in R by a local diffeomorphism x ∈ C ∞ (E X , R), then E is an orientable manifold, oriented by dx; in particular, E X is orientable, oriented by dx. The orientation of K induces an order on the pairs of points {p 1 , p 2 }, where p 1 and p 2 are two non-separated points of E X . We will denote by (p 1 , p 2 ), p 1 < p 2 , the ordered pair with origin p 1 and end point p 2 . Definition 3.11. A geodesic of E X is called "distinguished" if it is an oriented maximal geodesic which is the space of leaves of a ribbon in X.
The intersection of two distinguished geodesics is either empty or an interval of Σ whose closure in E X is a closed segment (resp. a semi-closed interval), containing two pairs of points (resp. one pair of points) in the boundary.
Let γ be a distinguished geodesic, and let I be a connected component of E X − B contained in γ, whose closure in E X is a closed segment containing two points in the boundary from both sides. The boundary of the segment is given by two ordered pairs (p 1 , p 2 ) and (q 1 , q 2 ). The geodesic is characterized by the fact that it passes through p 1 and q 2 (or p 2 and q 1 ), for any component I of E X − B contained in γ, whose closure in E X is as before.
Notation: Recall that the set of connected components of E X − B is denoted by Σ. We denote by Σ 0 the subset of Σ of the elements whose closure in E X is a closed segment with two pairs of non-separated points in the boundary.
Take σ ∈ Σ 0 , and denote by ∂ 1 σ (resp. ∂ 2 σ) the left boundary (resp. right boundary) of σ composed of two non-separated points. There are two distinguished geodesics of E X containing σ; they define a bijection µ σ :
be an isometry between two simply connected Lorentzian surfaces, preserving the orientation of the spaces of Killing orbits. Then φ induces a diffeomorphism h :
In addition, h induces a bijectionh : Σ 0 → Σ 0 , and for all σ ∈ Σ 0 and σ ∈ Σ 0 such thath(σ) = σ , we have µ σ = h o µ σ o h −1 . This amounts to saying that h sends the distinguished geodesics of E X 1 to those of E X 2 .
Distinguished geodesics of an étalé manifold Definition 3.12. Let E be a manifold of dimension 1 with a countable base, étalé in R. We say that E has topology T if it satisfies the following properties:
(1) Non-separated points are simple branch points, satisfying property (P).
(2) The only cycles of simple branch points are 4 order cycles.
(3) G(E X ) is a tree.
Let E be a smooth manifold étalé in R, with a topology T. For any element σ ∈ Σ 0 , there is a homeomorphism of E which fixes the two right non-separated points and permutes the two left non-separated ones of the closure of σ, so we see that giving only the topological manifold E does not allow to distinguish the non-separated points, and therefore to define a notion of distinguished geodesic which coincides with that given in Definition 3.11 for E = E X . We then introduce an additional data on E, which we call "a linking structure" and which makes it possible to define distinguished geodesics on E, such that a homeomorphism h : E → E sends the distinguished geodesics of E into those of E if and only if this structure is invariant by the action of h.
Let E be a smooth manifold étalé in R, with a topology T. Fix σ ∈ Σ 0 ; there are two possible bijections from Since there is no cycle in G(E), these geodesics are well defined.
Definition 3.14. Let E be a smooth manifold étalé in R, with a topology T. A linking structure A on E is the giving of a bijection A σ : ∂ 1 σ → ∂ 2 σ for every element σ ∈ Σ 0 .
There is therefore a bijection between the number of linking structures associated to E and the number of ways one can define distinguished geodesics on the manifold. Remark 3.15. If E is a smooth manifold étalé in R, with a topology T, then the intersection of two distinguished geodesics of E is either empty or a connected component of E − B. Now let h : E → E be a homeomorphism between two manifolds étalé in R with a topology T. Let A (resp. A ) be a linking structure on E (resp. E ). On each element σ ∈ Σ 0 (resp. σ ∈ Σ 0 ), we then have a bijection A σ (resp. A σ ); this defines a family of distinguished geodesics on each of the two manifolds. The homeomorphism h sends the distinguished geodesics of E into those of E if and only if for all σ ∈ Σ 0 and σ ∈ Σ 0 such that h(σ) = σ , we have
Example 3.16. In the following example, the bands A and B are non isometric bands, as well as A and C. We have two surfaces (X 1 , K 1 ) and (X 2 , K 2 ) such that the manifolds E X 1 and E X 2 are homeomorphic, and the homeomorphism h : E X 1 → E X 2 acts on the unique element σ ∈ Σ 0 by fixing the two non separated points on one side and permuting those on the other side. This homeomorphism preserves the translation structure and the two functions f 1 and f 2 induced by the norm of the Killing fields. Therefore, it appears that giving only the topological manifold E and the pair (x, f ) is not sufficient to determine the class of isometry of the surface. 
Correspondence between maximal surfaces and étalé manifolds
In this section, we give a description of simply connected and maximal Lorentzian surfaces, admitting a non-trivial Killing field. If E is a manifold of dimension 1, the set of branch points of E is denoted by B, and Σ is the set of connected components of the interior of E \ B. Proof. We use the fact that if f is a C ∞ function that vanishes at 0, then f (x)/x can be extended to a C ∞ function. 
Moreover, an isometry φ : (X 1 , K 1 ) → (X 2 , K 2 ) between two such surfaces preserving the orientation of the spaces of Killing orbits induces a diffeomorphism h :
Proof. Giving a simply connected maximal Lorentzian surface (X, K) with a Killing field K defines a quadruplet (E,
is a local diffeomorphism induced by the transverse coordinate of X up to translation and change of sign, and f ∈ C ∞ (E X , R) is the function induced by the norm of K; the latter satisfies condition (a), and also (b) by maximality of X.
Conversely, let E be a 1-dimensional manifold with topology T, and x ∈ C ∞ (E, R) a local diffeomorphism, and f ∈ C ∞ (E, R) a function that satisfies conditions (a), (b) and (c). We will show that there exists a unique Lorentzian metric on the plane admitting a Killing field such that: (i) the space of Killing orbits is homeomorphic to E and the distinguished geodesics of the metric coincide with those defined by the linking structure A on E, (ii) the norm of the field is given by f , (iii) and the Riemannian structure induced on E by the metric coincides with that given by dx 2 . We define in the following two disjoint families of charts covering E:
• We denote by G E the set of distinguished geodesics of E (it is a countable set) determined by A, and we define the correspondence that associates to a geodesic c ∈ G E the subset of G E containing distinguished geodesics whose intersection with c defines an element of Σ. Denote this image by c ∨ .
• We define the property (P 0 ): "c ∈ P =⇒ c ∨ ⊂ Q and c ∈ Q =⇒ c ∨ ⊂ P ".
• Fix c 0 ∈ G E , and set c 0 ∈ P . We define using the Zorn lemma two sets P and Q maximal in G E , satisfying the property (P 0 ), and such that c 0 ∈ P . The set of open subsets of E belonging to P ∪ Q is called "the minimal covering" associated to E.
The connected components (which forms a countable set) of E − B are of two types: those with Hausdorff closure in E and those of non-Hausdorff closure. Denote by Σ 0 the subset of Σ containing the segments with non Hausdorff closure. For all a ∈ P and b ∈ Q, a ∩ b = ∅ or a ∩ b = σ ∈ Σ 0 (see Remark 3.15 ).
• Define a parametrization of Σ 0 by a subset A of Z so that if (α 1 , α 2 , α 3 , α 4 ) is an indexing of a cycle of 4 elements σ i (i ∈ Z/4Z) of Σ 0 around a 4 order branching, such that σ i and σ i+1 belong to the same distinguished geodesic of E for all i ∈ Z/4Z, then we have the relation α 1 − α 2 = α 4 − α 3 . Such a parametrization exists since, by hypothesis, there are no cycles of 4-order branchings in E.
• Every element of Σ 0 is the intersection of a unique element of P and a unique element of Q. There is an indexing of the geodesics in P ∪ Q by a set I J, where I and J are subsets of Z, such that for all i ∈ I, j ∈ J, α ∈ A, if a i ∈ P , b j ∈ Q and a i ∩ b j = σ α ∈ Σ 0 , then i + j = α. This defines a subset S of Z 2 such that the correspondance that maps (i, j) ∈ S to α ∈ A such that i + j = α is bijective . We obtain it in the following way: we fix an element σ α 0 ∈ Σ 0 and we write α 0 = i 0 +j 0 , i 0 ∈ Z, j 0 ∈ Z; we denote by a i 0 the geodesic of P containing σ α 0 and b j 0 the geodetic of Q containing σ α 0 . This determines the indices of all distinguished geodesics; indeed, if c is a geodetic of P ∪ Q, there is a finite path of distinguished geodesics c 0 , ..., c n such that c 0 = c and c n = a i 0 , satisfying c k ∩ c k+1 = ∅. This makes it possible to define an index for c using the relation i + j = α if and only if a i ∩ b j = σ α . We show next that the indexing of c does not depend on the chosen path, using the relation α 1 − α 2 = α 4 − α 3 for a 4 order cycle of simple branch points.
Let (H, K) be a ribbon such that E H = a ∈ P . Assuming that the Riemannian structure induced by the metric coincides with that given by dx 2 , and that the norm of the Killing field is given by f in the transverse coordinate, then the metric on H is reads g = 2 dxdy + f (x)dy 2 , with = ±1 and K = ∂ y . On a ribbon (V, K) corresponding to an element
the two squares are glued by means of the map
For all α ∈ A, σ α = a i ∩ b j for a unique pair (i, j) ∈ S. For every α ∈ A, we choose a primitive function G α of −1/f α . Let (X 0 , K) be the Lorentzian surface with a Killing field K defined as the quotient space of the surface ( H i ) (i,j)∈S ( V j ), where (H i , K) is the ribbon x(a i ) × R endowed with the metric 2 dxdy + f i (x)dy 2 with K = ∂ y , and (V j , K) the ribbon x(b j ) × R with metric −2 dxdy + f j (x)dy 2 with K = ∂ y , by the equivalence relation ∼ defined by p ∼ q si p = q ou (p, q)
The surface we obtain is the total space of a line bundle over E. It is connected by connectivity of E, and Hausdorff by Lemma 3.17 and Proposition 5 [8] .
If E is simply connected, then X 0 is an acyclic surface with a countable base ([8, Proposition 3]). And it is known that the only simply connected surfaces without boundary are the sphere S 2 and the plane R 2 (this is a classical theorem in surface theory, see for example [6, Theorem 3.2.2]); finally X 0 is homeomorphic to the R 2 plane. In addition, X 0 does not contain a zero of the Killing field, and the choice of in the definitioh of the metric determines a choice of K or −K. If E contains branchings of order 4, the surface above such a branching is a quasi-saddle. Let (G α 1 , G α 2 , G α 3 , G α 4 ) be the primitive functions fixed around a branching of order 4; we can always modify G 4 so that we can add a saddle point (see [2, Proposition 2.32]); since there are no cycles of 4-order branchings in E, we can do this for every branching of order 4 in a coherent way. It is easy to see that the surface thus obtained is simply connected.
Finally, the fact that f is inextensible implies that the surface is maximal; if f is not extensible, the topology T on the space of leaves implies that the obtained surface still satisfies a weak property of maximality: every half-band is contained in a type III band. We can see in the proof of Proposition 3.18 that to any simply connected Lorentzian surface (X, K) admitting a non-trivial Killing field K, one can associate a principal line bundle over the space of leaves E X . Conversely, given a manifold E of dimension 1 with a countable base and topology T, étalé in R, together with a principal line bundle F = (F, p, E) over E, one can define exactly two Lorentzian metrics ±g on the plane admitting a Killing field, such that the principal bundle associated to these metrics coincide with F.
Completeness of Lorentzian surfaces with a Killing field
We examine completeness of simply connected surfaces admitting a Killing field. We first prove that under the hypothesis of bounded curvature, null completeness implies completeness of all geodesics. Then we examine other classes of such surfaces in which one can find a simple criterion to geodesic completeness. We finish by giving examples of maximal incomplete surfaces with a Killing field.
Critical Clairaut constant associated to a ribbon
Let (X, K) be a Lorentzian surface with a non-trivial Killing field K. Recall that the set of connected components of the interior of E X \ B, where B is the set of branch points of E X , is denoted by Σ.
A maximal geodesic γ may have two different behaviors: either it leaves any maximal ribbon contained in X, or it remains in a maximal ribbon provided t goes close enough to the limit. We denote by t + ∞ ∈ R ∪ {∞} the upper bound of the domain of γ. In the second case, we shall consider two behaviors again; one may assume that γ is defined and contained in the ribbon for t ∈ [0, t + ∞ [, by translating the geodesic parameter if necessary. Set I + := {x(γ(t)), t ∈ [0, t + ∞ [}; either I is bounded, in which case the geodesic remains in a band t ≥ 0, or I is unbounded.
Denote by T the unit vector field tangent to γ, and N the vector field along γ orthogonal to T , such that the basis (T, N ) is positively oriented. Set
Then C = T, K is a constant called the Clairaut constant (see [1] . Let γ be a non-null geodesic that remains in a band when t goes to t + ∞ . Then:
• Either γ is invariant by a flow of K; in particular, γ is entirely contained in that band.
• Or it asymptotically approaches a leaf of K; if γ is not orthogonal to K, this leaf is either timelike or spacelike, depending on the type of γ. In what follows, we may suppose that x > 0 on a geodesic γ transverse to K, by changing K to −K in the local chart, if necessary. 2) If γ cuts a null orbit l of K, of coordinate x 0 , contained in a maximal ribbon R f , and if
Before proving the corollary, note that 2) is a partial converse of 1): the property in the following remark also holds; it follows from [12, Corollary 4.7] . f (x) < ∞ is a critical value of f on I + , we claim that a geodesic γ C with C 2 = m cannot cross this critical orbit transversally, for otherwise the formula C 2 − β 2 = f applied at a point that belongs to the orbit yields m − β 2 0 = m, with β 2 0 > 0, which is impossible. It follows that γ does not cross the whole ribbon. We conclude that if I + is unbounded and if
, then m is not a critical value of f on I + .
2) The assumption C 2 > sup x≥x 0 f (x) implies, using (ii) Lemma 4.3, that γ lies in the maximal ribbon containing l, after a certain while. Suppose, contrary to our claim, that I + is bounded; Lemma 4.1 implies that γ asymptotically approaches a leaf of K, on which the norm of K is C 2 , a contradiction.
The lemma that follows characterizes complete geodesics contained in a maximal ribbon for t large enough. Note that if a timelike geodesic (resp. spacelike) remains in a ribbon R f with unbounded interval I + = x(γ(t) t≥0 ), then f is necessarily bounded below (resp. above), for otherwise any geodesic of the ribbon would eventually leave the ribbon or asymptotically approach a leaf of K (this is a consequence of Corollary 4.4, 1). 
In particular, if f is bounded, these geodesics are complete.
In the sequel, the condition in Lemma 4.6 will be referred to as the (CR) condition.
Proof. We start with the following observation: Observation: if a geodesic γ C 0 which remains in the ribbon is complete, then any geodesic γ C of the ribbon such that |C| ≤ |C 0 |, is complete too. This follows from the fact that the time spent in the ribbon is a decreasing function of C.
, where C is the Clairaut constant of γ, diverges. The first part of the Lemma follows from the following inequality
Assume now that for all M > 0,
where η > 0, and the inequality
implies the convergence of the integral on the left. Therefore,
diverges if and f (x), there is a geodesic γ remaining in the ribbon with unbounded interval I + , and whose Clairaut constant is C (see Corollary 4.4, 2), and we have shown that such a geodesic is then incomplete. This ends the proof. Obviously we have C + = C − ; we denote this quantity by C * .
Remark 4.8. It then appears from the proof of the previous lemma that either C * = +∞, in which case all the geodesics remaining in the ribbon after a certain while are complete, or C * = sup f . In other words, the geodesic incompleteness among those remaining in the ribbon R f yields C * = sup f . In particular, if the ribbon is an infinite band, then C * = 0. Let (X, K) be a small surface: E X has a finite number of branch points. 
Completeness criterions with controlled geometry
Let (X, K) be a Lorentzian surface with a non-trivial Killing field K. Recall that the set of connected components of the interior of E X \ B, where B is the set of branch points of E X , is denoted by Σ. Let (σ i ) i∈I be a sequence of pairewise distinct elements of Σ; such a sequence is called "normal" if -the σ i 's are contained in branchings of E X of order 4, -for all i ∈ I, σ i and σ i+1 belong to the same 4 order branching, and are not adjacent in it, they are then opposite to each other, -(σ i ) i∈I is maximal. Theorem 4. 16 . Let (X, K) be a simply connected Lorentzian surface with Killing field K. Assume that f is bounded. Then X is complete if and only if it is null complete and the geodesics orthogonal to the Killing field are complete. The last condition reads: for any normal sequence (σ i ) i∈I of Σ, we have
We can now prove theorems 4.13 and 4.16.
Proof of Theorem 4.13
Proof. Assume that X is null complete and has bounded curvature, say by a constant N > 0; we show that X is complete. We first prove that geodesics that remain in a maximal ribbon are complete. Fix a maximal ribbon R f and a geodesic γ of type lying in the ribbon with unbounded I + . The null completeness of the surface implies that f is defined over R. Set g(x) := C 2 − f (x); the hypothesis on curvature implies that g is bounded, hence for all x ∈ I + ,
where A > 0 is a constant that depends on the constant N and on the ribbon. This yields
hence γ is complete. Assume now that γ leaves any maximal ribbon. Denote by ∆ x i the piece of E X delimited by two consecutive zeros of β, on which γ is thus contained in a maximal ribbon R f i , and denote by |∆ x i | its length. We apply the argument on curvature again to get
where N > 0 is the constant defined above. Therefore, the time γ takes to cross every piece is bounded below by a constant 1/ √ N independent of the given piece. Since γ croses infinitely many such pieces of E X , the completeness follows.
Proof of Theorem 4.16
Proof. Here we suppose that f is bounded by a constant N > 0. Let γ be a geodesic contained in a ribbon R f after a certain while. The hypothesis on the derivative of f gives
where A is a constant that depends on the constant N and on the ribbon. Hence
= ∞, which proves that γ is complete.
Assume now that γ leaves any maximal ribbon. Denote by ∆ x i the piece of E X delimited by two consecutive zeros of β, on which γ delimits a ribbon R f i , with f i defined over an interval J i of length |∆ x i |, and t i the time γ takes to cross every such piece. On each ribbon R f i , the hypothesis on the derivative of f gives |C 2 − f i (x)| ≤ N · |∆ x i |; this yields in each ribbon
Suppose that γ is incomplete; it follows from (7) that the series
In what follows, we show that γ is necessarily a geodesic orthogonal to K. Set d :
By assumption, f is bounded as well as i |∆ x i |, this implies that F i is bounded on each I i by a constant N > 0 independent of i. Now let (d i ) i be a sequence converging to d, such that for all i, d i ∈ J i . Let (y i ) i be a sequence of zeros of F i converging to d, such that for all i, y i ∈ J i , and let (z i ) i be a sequence of zeros of β (hence of G i ) such that for all i, z i ∈ J i . In one hand
) tends to 0 and C 2 , which forces C = 0.
It follows that X is complete if and only if the geodesics orthogonal to K are complete. A geodesic orthogonal to K that leaves every maximal ribbon leaves every ribbon through a saddle point, so that the pieces ∆ x i it crosses define what we called in Theorem 4.16 a normal sequence of elements of Σ, and the completeness reads as in (3).
Proof of Corollary 4.15
Proof. This corollary is an immediate consequence of Theorem 4.13.
Remark 4.17. In the case of universal extensions, the completeness of some geodesics follows more easily: 1) For those remaining in a maximal ribbon with unbounded I + , the geodesic completeness follows from the last conclusion of Lemma 4.6, i.e. the boundedness of the norm of the Killing field. 2) If γ is a geodesic that leaves any maximal ribbon, then γ is invariant by an isometry of the universal extension, acting on γ by a translation of the geodesic parameter (see [12, Lemma 4.8] ); this implies that γ is complete. It is called an "invariant" or "periodic geodesic" in [12] .
Completeness criterions with conditions on the space of leaves
Null completeness is equivalent to the completeness of the distinguished geodesics of the space of leaves regarded as a Riemannian manifold. With sufficiently general conditions on this space, we define a large class of surfaces where geodesic completeness is characterized. It will appear in particular that the non-compact case contains many examples of complete surfaces. In order to write these conditions, we introduce in the following some definitions and vocabulary on the space of leaves.
Let E be a 1-dimensional Riemannian manifold, with topology T. The first following definition (due to Spivak [16] ) applies to any topological manifold, and the second one to any Riemannian manifold.
Definition 4.18. (Topological end). A topological end of E is an application e which associates to each compact (not necessarily Hausdorff) subset K ⊂ E a connected component of X \ K in such a way that ∀K 1 ⊂ K 2 : e(K 2 ) ⊂ e(K 1 ). Definition 4.19. (Geometric end). A geometric end of E is an end defined by a geodesic ray (a smooth semi-maximal geodesic) of E, i.e. if e is the application that defines this end, then e(K) contains the geodesic ray for any compact subset K of E. Let E be a 1-dimensional Riemannian manifold with topology T. Since G(E) is a tree, the intersection of any two rays is either a finite path or a ray. So if a base is chosen in each connected component of the interior of E \ B, then each end of E contains a unique ray starting from one of the base vertices; therefore, the ends may be placed in one to one correspondance with these rays. A ray corresponding to a geometric end will be referred to as a geometric ray.
In the figure below, we see that the Fact 4.21 does not hold. Here, G(E) is not a tree. A special end of E is either a geometric end, or a non-geometric end containing only finite order branchings, and which is neither N ∞ nor a chain with infinitely many N 2 -pieaces. Figure 15 is not a special end. Proposition 4.24. Let E be a 1-dimensional Riemannian manifold with topology T. Suppose that E satisfies the following condition (SE): "all ends of E X are special ends", then for any Lorentzian surface X such that E X E, the geodesics of X remain in a ribbon after a certain while.
The end represented in
Proof. Suppose there is a geodesic in E X that leaves infinitely many ribbons; it defines a ray in E X with infinitely many cusps. Since G(E X ) is a tree, Fact 4.21 above implies that there is no geometric ray defining this end, so it gives a non-geometric end in E X . By hypothesis, this end contains only 4-order branchings, so that the geodesic defines a chain in E X . If the geodesic lies in every maximal ribbon at most on 3 bands, then it defines an N ∞ -piece. Otherwise, using the fact that the sign of the norm of K changes on two consecutive bands, we see that each time the geodesic crosses a maximal ribbon in more than 3 bands, it defines N 2 -pieces in the chain; since it crosses infinitely many of them, the chain contains infinitely many of N 2 -pieces. Both cases are excluded by the "special end" condition (SE), which ends the proof. Proof. According to Proposition 4.24, any geodesic of X remains in a ribbon after a certain while, hence X is complete if and only if all the ribbons in X satisfy the (CR) condition, by Lemma 4.6. • the norm of K is bounded.
Then X is complete.
Proof. When the norm of the Killing field is bounded, the completeness of distinguished geodesics of the space of leaves implies that of the geodesics of the surface which remain in a ribbon after a certain while (see the last conclusion of Lemma 4.6). Since any geodesic of X remains in a ribbon after a certain while, this ends the proof.
Examples and non-examples
In this section, we give some examples which show that in general, there is no connection between the geodesic completeness of X and the completeness of the space of Killing orbits E X . We also gove an example of a simply connected null complete surface, all of whose timelike and spacelike geodesics are incomplete, except orthogonal geodesics.
Example 4.28. Let (X, K) a simply connected and null complete Lorentzian surface. Suppose that all ribbons in X have infinite bands on both ends, i.e. distinguished geodesics of E X have an infinite branch from both sides. Since any geodesic of E X is contained in an infinite branch after a certain while, the null completeness of E X implies its completeness. However X could contain incomplete geodesics: it is sufficient, by the Lemma 4.6, to set f (x) = x α , α > 2 on one of the infinite branches.
A symmetric saddle is obtained in [2] , Proposition 2.29, as the extension of a domino (whose unique null orbit of K is incomplete) by a simply connected surface containing a unique zero of K, whose metric is symmetric with respect to p. This extenion is unique up to isometry ([2, Proposition 2.37]). This extends the null orbits of K which are geodesically incomplete into complete geodesics. Example 4.29 (A complete saddle). An easy example is given by the Mnikowski plan. To obtain a non-flat saddle, consider a symmetric saddle defined as the extension of a domino (U, K), such that the norm of the Killing field on U induces a bounded function f defined on R; for instance: f (x) = arctan x. The saddle we obtain is complete (see Corollary 4.9). Example 4.30 (A null complete saddle -hence maximal-but not complete). If we consider now a symmetric saddle defined as the extension of a domino (U, K), such that the norm of the Killing field on U induces a function f defined on R by f (x) := e x − 1, it follows from Corollary 4.9 that the saddle is incomplete, although it is null complete. Example 4.31 (A simply connected null complete surface, all of whose timelike and spacelike geodesics are incomplete, except orthogonal geodesics). Let (I n ) n≥0 be a sequence of pairewise disjoint intervals of R + such that I 0 =]1, 2[, n |I n | = d < ∞, and the distance between I n and I n+1 is equal to 1, for all n. Denote by (J n ) n≥0 the sequence of intervals given by the connected components of R + \ ∪I n . We have ∀n ∈ N, |J n | = 1. Consider the following piecewise constant function φ: Letφ be a smooth function sufficiently close to φ, which satisfies these three properties. Consider now a symmetric saddle defined as the extension of a domino (U, K), such that the norm of the Killing field on U induces a function f defined on R by:
The assertions (1) and (2) imply that timelike and spacelike geodosics of S not orthogonal to the Killing field are incomplete, by Corollary 4.9 and 4.10, whereas geodesics orthogonal to K are complete by assertion (3). This gives an example of an incomplete saddle whose null geodesics and orthogonal geodesics are complete.
Example 4.32 (complete X, incomplete E X ). According to Theorem 4.13, a simply connected and null complete Lorentzian surface (X, K) with bounded curvature, is complete. Among these surfaces, the space of leaves may be incomplete, as shown in the following example: let γ be a geodesic of the space of Killing orbits, such that the closure in E X of every element of Σ contained in γ is the space of leaves of a type II band in X. See for example the geodesic represented in the figure below.
Suppose that γ is incomplete. A geodesic of X goes through a piece of γ at most on a band. So it is clear that the completeness of γ has no consequence on that of the surface. Now since a manifold E X , for a null complete surface X different from the one in Example 4.28, always contains such a geodesic γ, then it is possible to modify the completeness of E X without touching that of X. Suppose that E X contains an infinite cycle of simple branchings, and denote it by C ∞ , as in the figure below. Assume further that on each band of C ∞ , the norm of the Killing field is given by
The sequence of the lengths of the bands is thus given by (∆ x i ) i = ( 1 (πi) 2 − 1 (πi+π) 2 ) i , whose sum converges. Finally, assume that the length of the bands near infinity is infinite, and that outside these bands and those of C ∞ , the length of the bands is equal to 1. The space of Killing orbits thus obtained is complete. Now let γ be a spacelike geodesic that goes through the space of Killing orbits E X along the green piece represented in the figure above. When γ turns around in E X , it means that it is tangent to a leaf of the Killing field. See the figure below.
We claim that γ is incomplete. Indeed, denote by t i the time γ takes to cross each band of C ∞ ; we have t i ≤ 2
, where x i = 1 (πi+π) 2 , y i = 1 (πi+π/2) 2 and g i (x) = C 2 − f i (x). Now write |g i (x)| = |g i (a i )||x − z i |, with a i ∈]x i , y i [ and g i (z i ) = 0. It follows that for all i,
.
Since g i is uniformly bounded from below on a neighborhood of the null orbits of the Killing field, γ crosses this neighborhood with finite length; taking this into account, we are reduced to considering a sequence |g i (z i )| which tends to infinity, by isolating the neighborhoods of the zeros of the norm. There is therefore a constant M > 0 such that
≤ 2M √ y i − x i . As a result, the sum of the t i 's is bounded from above by the series i 4M √ y i − x i which converges by definition; this proves that γ is incomplete. 
